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A number of lattices exhibit moat-like band structures, i.e. a band with infinitely degenerate
energy minima attained along a closed line in the Brillouin zone. If such a lattice is populated
with hard-core bosons, the degeneracy prevents their condensation. At half-filling, the system is
equivalent to s = 1/2 XY model at zero magnetic field, while absence of condensation translates
into the absence of magnetic order in the XY plane. Here we show that the ground state breaks the
time-reversal as well as inversion symmetries. This state, which may be identified with the chiral
spin liquid, has a bulk gap and chiral gapless edge excitations. The applications of the developed
analytical theory include an explanation of recent numerical findings and a suggestion for the chiral
spin liquid realizations in experiments with cold atoms in optical lattices.
Recent experiments with Herbertsmithite and other
zinc paratacamites [1–5] indicated a possible observa-
tion of a long-sought quantum spin liquid. These devel-
opments added motivation for theoretical investigation
of frustrated spin Hamiltonians on a variety of lattices,
see e.g. [6–11], including triangular, honeycomb, and
Kagome ones. In a majority of models, an increase of
the frustration could lead to a formation of Z2 quantum
spin liquid preserving time-reversal symmetry (TRS). In
recent numerical studies [12–14] of a frustrated Kagome
lattice, however, a chiral spin liquid ground state was
found.
Chiral spin liquid (CSL) suggested by Kalmeyer and
Laughlin [15], is a possible ground state of frustrated
spin systems, resembling quantum Hall states. CSL is
gapped in the bulk, but supports gapless chiral excita-
tions along edges, owing to a nontrivial Chern number.
Such a ground state is described by an incompressible
bosonic wave function[15]. The concept was further de-
veloped in Ref. [16], where a set of order parameters was
identified and an explicit solvable example of a CSL was
constructed. A convenient choice for a CSL order param-
eter is the chirality, χ = 〈Si · (Sj × Sk)〉, where S is the
spin-1/2 operator and i, j, k label lattice cites forming a
triangular plaquet. Finite expectation value, χ, violates
P and T symmetries, leaving the combined PT symmetry
intact.
The crucial observation is that once the frustration is
strong enough, the lattice dispersion exhibits the moat
shape - i.e. the degenerate energy minimum along a
closed line in the Brillouin zone [17]. In such a case, as in
one dimension (1D), the single particle density of states
diverges at the bottom of the band. In analogy with the
1D Tonks-Girardeau gas, it suggests to transform the
bosons into spinless fermions[17, 18], which automati-
cally satisfy the hard core condition. In two dimensions it
may be achieved with the help of the Chern-Simons (CS)
flux attachment, similar to the one employed in the the-
ory of the fractional Quantum Hall effect [19–21]. Here
we show that the CS transformation on a moat-lattice
leads to fermions subject to fluxes staggered within the
unit cell. Such staggered fluxes bring about topologically
non-trivial fermionic ground state with a non-zero Chern
number and chiral edge states [22]. This is the main re-
sult of the present letter, which paves the way to most
direct and intuitive identification of CSL in magnetic sys-
tems as well as its realizations in cold atomic setup.
As an example we consider an antiferromagnetic (AF)
XY model on a honeycomb lattice with nearest-neighbor
(NN) spin coupling, J1, and next-NN coupling, J2. Finite
J2 leads to frustration and hence the model is expected
to have a rich phase diagram. Numerical studies, per-
formed using exact diagonalization [6], variational Monte
Carlo[23], and the density matrix renormalization group
(DMRG) [24] techniques suggest that the AF order in
X-Y plane survives up to a critical value J2/J1 ' 0.2,
where the system undergoes a phase transition. Refer-
ence [6] reported exact diagonalization study, suggest-
ing existence of a new phase in the parameter range
0.2 . J2/J1 . 0.36. The authors suggested that it
is a ”Bose liquid” phase in which the spin ordering is
absent down to zero temperature. Recently Zhu, Huse,
and White (ZHW) [24] employed DMRG technique in
cylindrical geometry for the same range of parameters
(throughout this paper we refer to it as intermediate frus-
tration regime). They found that while there is indeed
no order vis-a-vis the X-Y plane, there is a weak anti-
ferromagnetic Ising order in z-direction. It breaks the
symmetry between A and B sublattices with 〈SzA − SzB〉
taking values in between 0.27 and 0.28.
Here we study the model by reformulating it as a CS
fermionic field theory on a lattice. We found that in
the intermediate frustration regime the AF Ising order of
ZHW is stabilized by appearence of staggered CS fluxes
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2within the unit cell. The zero-average modulated fluxes,
induced by the lattice CS field, are exactly the same as
postulated in a celebrated Haldane model [22]. Solution
of self-consistent mean-field equations puts the model
into its topologically non-trivial sector with Chern num-
ber C = ±1. This allows us to identify the z-modulated
state of ZHW with CSL state, which supports gapless
spinon excitations along the edges. It would be extremely
interesting to see if DMRG studies can check this predic-
tion. Moreover we predict a relation between the AF
Ising order parameter φ = 2pi3 〈SzA − SzB〉 and chirality
χ = 〈SA ·(SB×SA′)〉 ∝ sinφ, reflected in instets of Fig. 2,
which may be also directly checked in simulations.
To quantify the aforementioned ideas, we start with the
Hamiltonian of frustrated spin-1/2 XY model on a hon-
eycomb lattice with nearest and next to nearest neighbor
interaction terms
H = J1
∑
r,j
S+r S
−
r+ej + J2
∑
r,j
S+r S
−
r+aj +H.c. (1)
Here the spin-1/2 operators are related to Pauli matrices
as S±r ≡ σ+r and Szr ≡ σzr/2. Vectors ej and aj , j =
1, 2, 3, shown in Fig. 1, are connecting nearest and next-
to-nearest neighbor cites of the honeycomb lattice.
The XY model (1) is equivalent to the model of hard-
core bosons, as one may rewrite the spin 1/2 operators
S±r in terms of bosonic creation and annihilation opera-
tors. When J2/J1 > 1/6, the corresponding single par-
ticle dispersion relation undergoes dramatic changes: it
becomes infinitively degenerate and exhibits an energy
minimum along a closed line in the reciprocal space sur-
rounding the Γ point [17] – the moat. The single par-
ticle density of states diverges near the moat bottom as
(E − Ec)−1/2, highlighting similarities with 1D systems,
where the ground state of hard-core bosons is given by the
Tonks-Girardeau gas of free fermions. This observation
supports the idea that spineless fermion representation
might be an effective description of 2D boson systems in
a moat, as was suggested in Refs. [17, 18]. Advantage
of spineless fermions is that they automatically satisfy
the hard-core condition and thus do not suffer from a
repulsive interaction energy.
We proceed with the lattice version of the CS trans-
formation (its continium analog was emloyed in e.g.
Refs. [19–21, 25, 26])
S(±)r = c
(±)
r e
±i∑r′ 6=r arg[r−r′]nr′ , (2)
where the summation runs over all sites of the lattice.
Since the bosonic operators on different sites commute,
the newly defined operators cr and c
†
r obey fermionic
commutation relations. Also notice that the number op-
erator is given by nr = c
†
rcr = S
z
r + 1/2.
Substitution of transformation Eq. (2) into the Hamil-
tonian (1) yields
Chern-Simons (CS) fermionic field theory on a lattice.
We found that in the intermediate frustration regi e the
AF Ising order of ZHW is stabilized by appearence of
staggered CS fluxes within the unit cell. The zero-average
modulated fluxes, induced by the lattice CS field, are
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model [38] of quantum Hall e↵ect without net magnetic
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to-nearest neighbor cites of the honeycomb lattice.
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fermions. This observation supports the idea that spine-
less fermion representation might be an e↵ective descrip-
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thus do not su↵er from a repulsive interaction energy.
We proceed with the lattice version of the CS trans-
formation (its continium analog was emloyed in e.g.
Refs. [35–37, 39, 40])
S(±)r = c
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r e
±iPr0 6=r arg[r r0]nr0 , (2)
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Since the bosonic operators on di↵erent sites commute,
the newly defined operators cr and c
†
r obey fermionic
e1e3
a2
a1 3a
e2
J2
J1 3φ−
φ
φφ
FIG. 1: (Color online) Arrangement of plaquette phases in
the unit cell of the honeycomb lattice.
commutation relations. Also notice that the number op-
erator is given by nr = c
†
rcr = S
z
r + 1/2.
Substitution of transformation Eq. (2) into the Hamil-
tonian (1) yields
H=J1
X
r,j
c†rcr+eje
iAr,r+ej+J2
X
r,j
c†rcr+aje
iAr,r+aj+H.c.
where Ar1,r2 =
P
r [arg(r1   r)  arg(r2   r)]nr with
summation running over all lattice sites. Due to (spin-
less) fermionic nature of the operators the hard core con-
dition is automatically satisfied. One can remove expo-
nential string operators by introducing CS magnetic field,
Br = Ar+e1,r+e2+Ar+e2,r+e3+Ar+e3,r+e1 = 2⇡nr, which
is the lattice analog of Br = curlA (see Fig. 1). To this
end one introduces the  -function, 2⇡ (Br/(2⇡)   nr) =R Q
r[dA
0
r] exp
⇥
iA0r(Br/(2⇡)  nr)
⇤
. The corresponding
functional integration with respect to the CS vector po-
tential Ar1,r2 is also implied. The Lagrange multiplier
A0r plays the role of the zero component of the vector
potential.
These notations enable one to represent the model as a
fermion system coupled to the fluctuating CS gauge field.
In analogy with the continuum case [37], we write
S =
Z
dt
"X
r
c¯r
 
i@t  A0r
 
cr +
1
2⇡
X
r
A0rBr (3)
 J1
X
r,j
c¯rcr+eje
iAr,r+ej J2
X
r,j
c¯rcr+aje
iAr,r+aj +H.c.
#
.
Here the fermions are Gaussian and one may inte-
grate them out obtaining the fermionic free energy func-
tional, W [A0r,Br]. Along with the CS term the lat-
ter defines the formally exact e↵ective action, Seff =R
dt
 
W [A0r,Br] + 12⇡
P
rA
0
rBr
 
. We shall treat it in the
mean-field approximation, looking for solutions of the
equations of motion:  A0rSeff = 0,  BrSeff = 0. Non-
trivial solutions of these equations, if exist, determine ex-
pectation values of CS fields Br and A0r in a self-consistent
2
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A0r plays the role of the zero component of the vector
potential.
These no ations enable one to represent the model as a
fermion s stem coupled o the fluctuating CS gauge field.
In analogy with the continuum case [37], we write
S =
Z
dt
"X
r
c¯r
 
i@t  A0r
 
cr +
1
2⇡
X
r
A0rBr (3)
 J1
X
r,j
c¯rc +eje
iAr,r+ej J2
X
r,j
c¯rcr+aje
iAr,r+aj +H.c.
#
.
Here the fermions are Gaussian and one may inte-
grate them out obtaining the fermionic free energy func-
tional, W [A0r,Br]. Along with the CS term the lat-
ter defines the formally exact e↵ective action, S ff =R
dt
 
W [A0r,Br] + 12⇡
P
rA
0
rBr
 
. We s all treat it in the
mean-field approximation, looking for solutions of the
equations of motion:  A0rSeff = 0,  BrSeff = 0. Non-
trivial solutions of these equations, if exist, determine ex-
pectation values of CS fields Br and A0r in a self-consistent
2
Chern-Simons (CS) fermionic field theory n a l
We found that in the intermediate frustration regim
AF Ising order of ZHW is stabilized by appeare ce of
staggered CS fluxes within the unit cell. The zero-average
modulated fluxes, induced by the lattice CS fi ld, are
exactly the same as postulated in a elebrated Halda
model [38] of quantum Hall e↵ect without et magnetic
field. Sol i n of self-cons stent mean-field equations
puts the model into its topologic lly non-trivial sector
with Chern number C = ±1. This allows us to identify
the Z-modula ed state of ZHW with CSL sta e, which
supports gapless spinon excitations along the edges. It
would be extremely interesti g t see if DMRG studies
can check this prediction. M reover we predict a lation
between the AF Isin order paramet r   = 2⇡3 hSzA   SzBi
and chiral ty   = hSA · (SB ⇥ SA0)i / sin , refl t
instets of Fig. 2, whic may b also ir ctly checked in
simulations.
To quantify the aforementioned ideas, we start with the
Hamiltonian of frustrated spin-1/2 XY model on a hon-
eycomb lattice with nearest and next to nearest neighbor
interaction terms
H = J1
X
r,j
S+r S
 
r+ej + J2
X
r,j
S+r S
 
r+aj +H.c. (1)
Here the spin-1/2 operat rs are related to Pauli matrices
as S±r ⌘  + and Szr ⌘  zr/2. Vectors j and j , j =
1, 2, 3, shown in Fig. 1, are connecting nearest and next-
to-nearest neighbor cites of the honeycomb lattice.
The XY model (1) is equivalent o the model of hard-
core bosons, as one may rewrite the spin 1/2 perators
S±r in terms of bosonic creation and annihilation op-
erators. When J2/J1 > 1/6, the correspond ng single
particle d spersion rel ion undergoes dra atic hanges:
it becomes infinitivel degenerat a d exhibi s an en-
ergy minimum al g a closed lin in the reciprocal space
surrounding the   point [33] – the moat. The single
particle density of states diverges near the moat bot-
tom as (E   Ec) 1/2, highlighting similarities with one-
dimensional systems, where the ground state of hard-
core bosons is given by the Tonks-Girardeau gas of free
fermions. This observation supports the dea that spine-
less fermion represen ati might be an e↵ective d scrip-
tion of 2D boson systems in a oat, as as suggested in
Refs. [33, 34]. Advantage of spine e s fermions is that
they auto ically atisfy the hard-core condition a d
thus do not su↵er fro a epulsive inte action energy.
We proceed with the lattice version of the CS trans-
formation (its continium analog was emloyed in e.g.
Refs. [35–37, 39, 40])
S(±)r = c
(±)
r e
±iPr0 6=r arg[r r0] r0 , (2)
where the summation runs over all sites of the lattice.
Since the bosonic operators on di↵erent sites commute,
the newly defined operators cr and c
†
r obey fermionic
e1e3
a2
a1 3a
e2
J2
J1 3φ−
φ
φφ
FIG. 1: (C lor onli e) Arrangement of plaquette phases in
the unit cell of the honeycomb lattice.
commuta io relations. Also otice tha the nu ber op-
erator is given by nr = c
†
rcr = S
z
r + 1/2.
Substitution of transformation Eq. (2) into the Hamil-
tonian (1) yields
H=J1
X
r,j
c†cr+eje
iAr, +ej+J2
X
r,j
c†rc +aje
iAr,r+aj+H.c.
where Ar1,r2 =
P
r [arg(r1   r)  rg(r2   r)]nr with
summ tion running over all lattice sites. Due to (spin-
less) fermionic nature of the operators the hard core con-
dition is aut matically satisfied. One can remove expo-
nential string operators by introducing CS mag etic field,
Br = Ar+e1,r+e2+Ar+e2,r+e3+Ar+e3,r+e1 = 2⇡nr, which
is the lattice analog of Br = curlA (see Fig. 1). To this
end one i troduces the  -function, 2⇡ (Br/(2⇡)   nr) =R Q
r[d
0] exp
⇥
iA0r(Br/(2⇡)  nr)
⇤
. The corres onding
functional integration with respect to he CS vector po-
tenti l Ar1,r2 is also impli d. The Lagrang multiplier
A0r plays the role of the zero component of the vector
potential.
These notations enable one to represent the model as a
fermion system coupled to the fluctuating CS gauge field.
In analogy with the con inuum case [37], we write
S =
Z
dt
"X
r
c¯r
 
i@t  A0r
 
cr +
1
2⇡
X
r
A0rBr (3)
 J1
X
r,j
c¯rcr+eje
iAr,r+ej J2
X
r,j
c¯rcr+aje
iAr,r+aj +H.c.
#
.
Her the fermions are Gaussian and one may inte-
grate them o t obtaining the fermio ic f e energy func-
tional, W [A0r,Br]. Along w th the CS term the lat-
ter defines the f rmally xact e↵ectiv action, Seff =R
dt
 
W [A0r,Br] + 12⇡
P
rA
0
rBr
 
. We shall treat it in the
mean-field approximation, looking for solutions of the
equations of motion:  A0rSeff = 0,  BrSeff = 0. Non-
trivial solutions of these equations, if exist, determine ex-
pectation values of CS fields Br and A0r in a self-consistent
2
Chern-Simons (CS) fermionic field theory on a lattice.
We found that in the intermediate frustration regime the
AF Ising order of ZHW is stabilized by appearence of
staggered CS fluxes within t e unit cell. The zero-average
modulate flu s, induce by the lattice CS field, ar
exactly the sam as postulated in a celebrated Hald n
model [38] of quantum H ll e↵ect wi hout n t m gnetic
field. S lution of self-consistent mean-field equations
puts the mod l into its topol gically non-trivial sector
with Chern number C = ±1. This allows us to identify
the Z-modul te state of ZHW with CSL state, whic
supports gapless spinon excitations along he edges. It
would be extremely interesting to see if DMRG studies
can check this prediction. Mor over we predict a rela ion
between the AF Ising order parameter   = 2⇡3 hSzA   SzBi
and chir lity   = hSA · (SB ⇥ SA0)i / sin , refl cted in
instets f Fig. 2, which may be also directly checked in
simulations.
To quantify the afor mentioned ideas, we start with the
Hamiltonian of frustrated spin-1/2 XY model on a hon-
eycomb latti e with nearest and next to nearest neighbor
interaction terms
H = J1
X
r,j
S+r S
 
r+ej + J2
X
r,j
S+r S
 
r+aj +H.c. (1)
Here the spin-1/2 operators are related to Pauli matrices
as S±r ⌘  +r and Szr ⌘  zr/2. Vectors ej nd aj , j =
1, 2, 3, s own in Fig. , are connecting earest and next-
to-nearest neighbor cites of the honeycomb lattic .
The XY model (1) is quival nt o model of hard-
core bosons, as one may rewrite the spi 1/2 operators
S±r in term of bosonic creation and annihilation op-
erators. When J2/J1 > 1/6, the corr sponding ingle
particle dispers on rela ion undergoes dramati changes:
it becomes i finitively dege erate and exhibits an en-
ergy minimum along a closed line in the reciprocal space
surrounding the   point [33] – the moat. The single
particle density of states diverges near the moat bot-
tom as (E   Ec) 1/2, highlighting similarities with one-
dimensional systems, where the ground state of hard-
core bosons is given by the Tonks-Girardeau gas of free
fermions. This observation supports the idea tha spi
less fermion repre entation might be an e↵ec ive descrip
tion of 2D boson systems in a moat, as was suggested in
Refs. [33, 34]. Ad ntage of spineless fermions i that
they auto tically satisfy the ha d-core condition and
thus do not su↵er fro a repulsive interaction energy.
We proceed with the lattice version of the CS trans-
formation (its continium analog was emloyed in e.g.
R fs. [35–37, 39, 40])
S(±)r = c
(±)
r e
±iPr0 6=r arg[r r0]nr0 , (2)
where summation runs ove all sites of the lattice.
Since the bosonic operators on di↵erent sites commute,
the newly defined operators cr and c
†
r obey fermionic
1e3
2
a1 3a
2
J2
J1 3φ−
FIG. 1: (Color online) Arrangement of plaquette phases in
the unit cell of the honeycomb lattice.
commutation relations. Also notice that the number op-
erator is given by nr = c
†
rcr = S
z
r + 1/2.
Substitution of transformation Eq. (2) into the Hamil-
tonian (1) yields
H=J1
X
r,j
c†rcr+eje
iAr,r+ej+J2
X
r,j
c†rcr+aje
iAr,r+aj+H.c.
where Ar1,r2 =
P
r [arg(r1   r)  arg(r2   r)]nr with
summation running over all lattice sites. Due to (spin-
less) fermionic nature of the operators the hard core con-
dition is automatically satisfie . One can remove expo-
nential string operators by introducing CS magnetic field,
Br = Ar+e1,r+e2+Ar+e2, +e3+Ar+e3,r+e1 = 2⇡nr, which
is the latt ce analog of Br = curlA (see Fig. 1). To this
end one introduces the  -function, 2⇡ (Br/(2⇡)   nr) =R Q
r[dA
0
r] exp
⇥
iA0r(Br/(2⇡)  nr)
⇤
. The corresponding
functional integrati n with espect to the CS vector po-
tential Ar1,r2 is also implied. The Lagrange multiplier
A0r plays the role of th zero compo ent of th vector
potential.
These notations enable one to represent the model as a
fe mion system coupled to the fluctuating CS gauge field.
In analogy with the continuum case [37], we write
S =
Z
dt
"X
r
c¯r
 
i@t  A0r
 
cr +
1
2⇡
X
r
A0rBr (3)
 J1
X
r,j
c¯rcr+eje
iAr,r+ej J2
X
r,j
c¯rcr+aje
iAr,r+aj +H.c.
#
.
Here the fermions re G ussian and one may inte-
grate them out obtaining the fermionic free energy func-
tional, W [A0r,Br]. Along with the CS term the lat-
ter defines the for ally exact e↵ective action, Seff =R
dt
 
W [A0r,Br] + 12⇡
P
rA
0
rBr
 
. We shall treat it in the
mean-field approximation, lo king for solutions of the
equa ions of motion:  A0rSeff = 0,  BrSef = 0. Non-
trivial solutions of these equations, if exist, determine ex-
pectation values of CS fields Br and A0r in a self-consistent
2
Chern-Simo s (CS) fermionic field th ory on a lattice.
We found that in the i termediate frustration regime the
AF Ising order of ZHW is stabilized by appearence of
staggered CS fluxes within th unit cell. The z ro-av rage
modulated fluxes, in uced by the lattice CS field, are
exactly the same as postu ated in a c l brated Haldane
model [38] of quantum Hall e↵ect without net magn ic
field. Solution of self-consistent mean-field equations
puts the model into its topol gically n n-trivial sector
with Chern number C = ±1. This allows us to identify
the Z-modulated st of ZHW with CSL state, which
support gapless spinon excitations al g th edg s. It
would be extremely in eresting see if DMRG studies
can check this prediction. Moreover we predict a relation
between the AF Ising order parameter   = 2⇡3 hSzA   SzBi
and ch rality   = hSA · (SB ⇥ SA0)i / sin , reflected in
instets of Fig. 2, which may be also directly checked in
simulations.
To quantify the af rementioned id as, we star with the
Hamiltonian of frustrated spin-1/2 XY model on a hon-
eycomb lattice with nearest and next to nearest neighbor
interaction terms
H = J1
X
r,j
S+r S
 
r+ej + J
X
r,j
S+r S
 
r+aj +H.c. (1)
Here the pin-1/2 op rators are related to Pauli matrices
as S±r ⌘  +r and Szr ⌘  zr/2. Vectors ej a d aj , j =
1, 2, 3, sh wn in Fig. 1, are connec ing nearest and next-
to-nearest neighbor cit s f th honeycomb lattice.
The XY model (1) is equivalent o the model of hard-
core bosons, as one may rewrite the spin 1/2 perators
S±r in terms of bosonic creation and annihilation op-
erators. When J2/J1 > 1/6, th corr spo ding s ngle
particle dispersion r l tion undergoes dramatic hanges:
it becomes infinitively degenerate and exhibits an n-
ergy minimum alo g a closed line in th reciprocal space
surrounding the point [33] – the moat. The single
particle density of states diverges near the moat bot-
tom as (E   Ec) 1/2, highlighting similarities with one-
dimensional syst ms, w ere the ground stat o h rd-
core bosons is given by the Tonks-Girarde u gas of fre
fermions. This observation supports the idea that spine-
less fermion representa ion might be an e↵ ctiv descrip-
tion of 2D boson systems in a moat, as was suggested i
Refs. [33, 34]. Advantage of spineless fermions is that
they automatically satisfy the hard-core condition and
thus do not su↵er from a repulsive interaction e ergy.
We proceed with the lattice version of the CS trans-
formation (its continium analog was emloyed in e.g.
Refs. [35–37, 39, 40])
S(±)r = c
(±)
r e
±iPr0 6=r arg[r r0]nr0 , (2)
where the summation runs over all sites of the lattice.
Since the bosonic operators on di↵erent sites commute,
the newly defined operators cr and c
†
r obey fermionic
e1e3
a2
a1 3a
e2
J
J1 3φ−
φ
φφ
FIG. 1: (Color online) Arrangement of plaquette phases in
the unit cell of the oneycomb lattice.
commu ation relations. Also notice that the number op-
erator is given by nr = c
†
rcr = S
z
r + 1/2.
Substitution of transformation Eq. (2) into the Hamil-
tonian (1) yields
H=J1
X
r,j
c†rcr+eje
iAr,r+ej+J2
X
r,j
c†rcr+aje
iAr,r+aj+H.c.
where Ar1,r2 =
P
r [ar (r1   r)  arg(r2   r)]nr with
summation run i g ov r all la tice sites. Due to (spin-
less) fermionic nature of the operators th ha d core con-
dition is utomatically satisfied. One can remove expo-
nential string operators by introducing CS magnetic field,
Br = Ar+e1,r+e2+Ar+e2,r+e3+Ar+e3,r+e1 = 2⇡nr, which
is the lattice analog of Br = curlA (see Fig. 1). To this
end on introduces the  -function, 2⇡ (B /(2⇡)   nr) =R Q
r[dA
0
r] exp
⇥
iA0r(Br/(2⇡)  nr)
⇤
. Th c rr sponding
functiona integr wi respect to the CS vector po-
t ntial Ar1,r2 is also implied. The Lagrange ultiplier
A0r plays the role of the z r compon nt of the vector
potential.
These notations enable one to represent the model as a
fermion system coupled to the fluctuating CS gauge field.
In analogy with the continuum case [37], we write
S =
Z
dt
"X
r
c¯r
 
i@t A
0
r
 
cr +
1
2⇡
X
r
A0rB (3)
 J1
X
r,j
c¯rcr+ je
iAr,r+ej J2
X
r,j
c¯rcr+aj
iAr,r+aj +H.c.
#
.
Here the fermions are Gaussian and one may inte-
grate them out obtaining the fermionic free energy func-
tional, W [A0r,Br]. Along with the CS term the lat-
ter defines the formally exact e↵ective action, Seff =R
dt
 
W [A0r,Br] + 12⇡
P
rA
0
rBr
 
. We shall treat it in the
mean-field approximation, looking for solutions of the
equations of motion:  A0rSeff = 0,  BrSeff = 0. Non-
trivial solutions of these equations, if exist, determine ex-
pectation values of CS fields Br and A0r in a self-consistent
J1
2
FIG. 1: (Col r onli e) Unit cell of ho eycomb lat ice with NN
J1 and next NN J2 couplings. The CS fluxes associated w th
spontaneously broken time-reversal symmetry are shown.
H=J1
∑
r,j
c†rcr+eje
iAr,r+ej +J2
∑
r,j
c†rcr+aje
iAr,r+aj +H.c.
where Ar1,r2 =
∑
r [arg(r1 − r)− arg(r2 − r)]nr with
summation running over all lattice sites. Due to (spin-
less) fermioni nature of the operators the hard core con-
dition is automatically satisfied. One can remove expo-
nential string operators by introducing CS magnetic field,
Br = Ar+e1,r+e2+Ar+e2, +e3+Ar+ 3,r+ 1 = 2pinr, which
is the lattice analog of Br = curlA (see Fig. 1). To this
end one introduces the δ-function, 2piδ(Br/(2pi) − nr) =∫ ∏
r[dA
0
r] exp
[
iA0(Br/(2pi)− nr)
]
. The corresponding
functional i tegr tion w th respect to the CS ctor po-
ential Ar1,r2 is also impli d. The Lagran e multiplier
A0r plays th role of the zero compon nt of the vector
potential.
T ese notatio s enable one to represent the model as a
f rmi system coupled to th flu tuating CS gaug field.
In analogy with the continuum case [21], we write
S =
∫
dt
[∑
r
r¯
(
i∂t −A0r
)
cr +
1
2pi
∑
r
A0rBr (3)
−J1
∑
r,j
c¯rcr+eje
iAr,r+ej−J2
∑
r,j
c¯rcr+aje
iAr,r+aj +H.c.
]
.
Here the fermions are Gaussian and one may integrate
them out obtaining the fermionic free energy functional,
W [A0r,Br]. Along with the CS term the latter defines
the formally exact effective action, Seff = W [A
0
r,Br] +
1
2pi
∫
dt
∑
rA
0
rBr. We shall treat it in the mean-field ap-
proximation, looking for solutions of the equations of mo-
tion: δA0rSeff = 0, δBrSeff = 0. Non-trivial solutions of
these equati ns, if exist, det rmine expectation values of
CS fields Br and A0 in a self-consistent way. While the
mean-field is uncontrolled, it will r sult i a s lution with
the fermionic spectrum gapped in the bulk. Th fluctua-
tion corrections are thus finite and appear t be numeri-
cally small, giving some confidence in the validity of the
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FIG. 2: (Color online) Phase diagram in the space of di-
mensionless parameters (A0/J2;φ). The shadowed region,
bounded by the bold line A0/J2 = 3
√
3 sinφ, represents topo-
logically nontrivial states with Chern number C = 1 [22]. The
solutions of the self-consistency conditions (4), shown by the
dashed line, all fall into the topological sector with C = 1.
Such solutions exist in the interval 0.2 < J2/J1 < 0.36,
and are confined between the two full thin lines representing
Eq. (6) for the boundaries of this interval J2/J1 = 0.2; 0.36.
Upper (lower) inset: staggered flux, φ, (chirality, χ,) vs.
J2/J1, as obtained from Eqs. (4).
mean-field. In this sense situation here is more favor-
able as compared to the theory of the half filled Landau
level[19, 21], where the spectrum is gapless.
We shall look for spatially homogeneous solutions of
the mean-field equations, allowing for broken symmetry
between A and B sub-lattices. Such choice is motivated
by recent numerical results of ZHW where an asymmetry
between sublattices A and B was observed. Therefore,
we will look for solution
{
A0rA ,BrA
}
and
{
A0rB ,BrB
}
that
are independent of rA and rB respectively. It is conve-
nient to separate symmetric and antisymmetric combi-
nations of gauge fields between A and B sites, belonging
to the same unit cell: (A0rA±A0rB ) and (BrA±BrB ). It is
easy to see that the homogeneous symmetric components
may be gauged out at half filling[17]. The reason is that
the corresponding total flux threading the unit cell is 2pi,
which may be disregarded due to the periodicity. This
leads to the conclusion that the total CS flux thread-
ing the unit cell is gauge equivalent to zero. Hence one
can gauge out the phases Ar,r+ej residing on NN links
in Eq. (3). As a result only antisymmetric gauge fields
residing on the next-NN links (see Fig. 1) remain. These
fields give rise to the flux threading the large equilateral
triangle with a site in it, depicted in Fig. 1. It is given
in terms of antisymmetric fields as 3φ ≡ (BrA − BrB ).
The flux threading the neighboring ”empty” equilateral
triangle (with no site in it), is thus −3φ, which is con-
Γ KK!
0
0
-1−
FIG. 3: (Color online) Bare band spectrum Ep(0, 0) plotted
from Eq. (5) for J2/J1 = 0.1; 0.2; 0.3; 1/3; 0.37 from bottom
up. Horizontal line represents chemical potentials at half fill-
ing for J2/J1 = 0.37. For J2/J1 ≤ 1/3, the chemical poten-
tial is at µ = 0. For J2/J1 = 1/3 the maximum of the lowest
branch at Γ point reaches the hight of Dirac points K and K′.
A phase transition is thus expected for J2/J1 & 1/3, towards
the spin density wave state [27].
sistent with the fact that the total flux through the unit
cell is zero. The antisymmetric component of the gauge
field thus precisely gives raise to the staggered Haldane
flux configuration[22] in the unit cell.
Introducing notation, A0 = (A0rA − A0rB )/2, the equa-
tions of motion for the asymmetric components take the
form
∂A0W (A
0, φ) +
3
2pi
φ = 0, ∂φW (A
0, φ) +
3
2pi
A0 = 0. (4)
The field A0 here plays the role of the inversion symme-
try breaking mass term. Indeed, it appears in the action
(3) as A0
∑
[rA,rB ]
[
3
2piφ− (nrA − nrB )
]
, where the sum-
mation is performed over NN dimer pairs [rA, rB ]. Then,
the first equation of motion (4) yields the self-consistency
condition 3φ = 2pi〈nrA − nrB 〉.
The above consideration shows that the fermionic
mean-field theory with the staggered CS flux configu-
ration depicted in Fig. 1, naturally gives raise to the
Haldane’s model[22], studied in connection with par-
ity anomaly in a honeycomb lattice. The spectrum of
the Haldane Hamiltonian is gapped, and consist of two
bands:
Ep(A
0, φ) = J2 cosφ
[
G2p − 3
]±√m2p + J21G2p, (5)
where mp = A
0 − 2J2 sinφ
∑
j sin(paj) is the gap, and
Gp = |
∑3
i=1 e
ipei |. Fermionic ground state energy of the
model is given by W (A0, φ) =
∑
pEp(A
0, φ), where the
sum runs over occupied states of the half-filled system.
For J2/J1 ≤ 1/3, only the lowest band is filled, Fig. 3.
Substituting W (A0, φ), along with the spectrum (5), into
first Eq. (4), one obtains a self consistent equation relat-
4ing parameters φ and A0:
3
2pi
φ =
∑
p
mp√
m2p + J
2
1G
2
p
. (6)
Numerical solution of Eq. (6) is shown in the Haldane’s
phase diagram in Fig. 2 for two values J2/J1 = 0.2; 0.36.
The second of Eqs. (4) minimizes the ground state en-
ergy F = W (A0, φ) + 32piφA
0 with respect to φ given the
self-consistency relation (6). Minimization yields finite
values, shown by dashed line in Fig. 2, for both, φ and
A0 in the intermediate frustration regime 0.2 . J2/J1 .
0.36. At the boundaries of this regime φ and A0 vanish
simultaneously, indicating two distinct phase transitions.
In between these two transitions there is a broad regime
where φ ≈ 0.55 is almost independent of the ratio J2/J1.
All these values fall in the topologically nontrivial re-
gion of the phase diagram depicted in Fig. 2 resulting
thus in topological phase of fermions with Chern number
C = ±1. On the other hand, finite φ means stabiliza-
tion of Ising antiferromagnetic ordering of the spins for
0.2 . J2/J1 . 0.36, in agreement with the DMRG re-
sults of ZHW [24]. Moreover, the state we suggest bears
the hallmarks of a CSL. It is characterized by a finite gap
for the S = 1 excitations in the bulk and gapless chiral
edge state having S = 1/2 spinon excitations.
The transition at J2/J1 ≈ 0.2 is continuous, while the
one at J2/J1 ≈ 0.36 appears to be of the first order. The
latter is associated with the change of the underlying
band structure. Indeed, at J2/J1 = 1/3 the maximum at
Γ point reaches the energy of the Dirac points at K and
K ′, Fig. 3. Thus at J2/J1 > 1/3 the half-filled system
exhibits hole fermi pocket at Γ and particle fermi pockets
at K and K ′. Presence of the occupied states in the
upper band near K and K ′ suppresses the gap (since
the upper band moves up in energy, the total energy is
not lowered). In our mean-field treatment the non-trivial
self-consistent solution disappears (see insets to Fig. 2)
in the first order way at J2/J1 ≈ 0.36, giving rise to the
phase diagram depicted in Fig. 4[28].
The mean-field theory treatment of the intermediate
frustration regime is in a rather satisfactory agreement
with the numerical data. In the bulk of this range
φ ≈ 0.55 (see upper inset in Fig. 2) which corresponds
〈SzA − SzB〉 ≈ 0.26. This agrees (within small error bars)
with the numerical observation reported in Ref. [24]. The
numerical value of the ground state energy per spin for
e.g. J2/J1 = 0.3 is F/J1 ≈ −0.311. This is lower than
the corresponding exact diagonalization result [6] by only
about 5%.
In a finite-length cylinder geometry, spin transfer be-
tween the two edge states reveals the fractional nature
of the spinon excitations. In a numerical simulation, this
can be checked by realizing Laughlin’s adiabatic flux in-
sertion procedure. The flux threading the cylinder affects
spins on A, B sub-lattices differently. This is the so called
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#
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FIG. 4: (Color online) Schematic phase diagram of the XY
model across the range of the ratio J2/J1. Phases are marked
by broken symmetries and corresponding Chern numbers, C.
topological pump charge effect[29], which gives possibil-
ity to directly measure the Chern number[12, 30, 31]. The
latter can be obtained by applying 2pi flux and calculat-
ing the polarization. The finite order parameter φ implies
time reversal symmetry broken chiral ground state, lead-
ing to a finite value of chirality χ = 〈SA · (SB × SA′〉),
where the spins reside on the sites of the 120◦ trian-
gle shown in Fig. 1. The result is plotted in the lower
inset in Fig. 2, showing that one is expected to find
χ ≈ ±0.03 in the bulk of the CSL range. This may
be also directly checked by numerics. The transition into
CSL at J2/J1 ≈ 0.2 described in terms of two order pa-
rameters A0 and φ is reminiscent to that in multiferroics
[32], where electric polarizability (analog of A0) and chi-
ral magnetic order (analog of φ) coexist and mutually
interact.
The state proposed here provides the most direct way
to realize CSL in a cold atomic setup. This may be done
in e.g. optical lattices with two cites per unit cell [33–35],
which may be tuned into the moat regime. Strongly re-
pelling bosons at half-filling should form CSL with spon-
taneosly broken TRS and the chiral edge state. The lat-
ter can be in principle detected with the recently devel-
oped technique of the sudden decoupling [36]. Accord-
ingly, the density-density correlation-function decays as
inverse square distance along the edge, while it decays
exponentially being measured in the bulk. Moreover, the
momentum distribution function manifests itself in the
form of the “Bose surface” [6], which may be revealed in
the time of flight experiments. This property, along with
real space density asymmetry on sublattices A and B can
also be probed in cold atom settings.
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